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Problem formulation

High-order convex problem

min f(x),

f(x) is convex function with Lipschitz p-th derivative
with constant L,
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Problem formulation

Lipschitz derivative

IDPF(x) — DPF(y)ll < Lpllx — vl

v

Taylor approximation

p

L
_ . < P _ p+1
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Basic Method

Basic step [Nesterov, 2018]

TH,(x) = argmin {Qp,Hp(f,x;y)} ,
y

where o
Qp h,(fixy) = Qp(f,x;y) + Fny — x||P+L

For H, > L, this subproblem is convex and hence implementable.
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Basic Method

Basic step [Nesterov, 2018]
TH,(x) = argmin {Qp,Hp(f,x;y)} ,
y

where o
Qp h,(fixy) = Qp(f,x;y) + Fny — x||P+L

For H, > L, this subproblem is convex and hence implementable.

Convergence

H,RPH1
V)

f(xn) —f(x) <O (
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Superfast Second-Order Method

Nesterov 2018/ Nesterov 2020

1:
2:
3:
4:

Choose xg € E and define A, = O(kP*1)
Define 1p(x) = ﬁ”x — xo||PTt
for k=1to k=N do

Compute vx = argminik(x) and y, =
x€E

K+ 2 ak“ L vk, where

Ak+1

a1 = Akg1 — Ak
5. Compute xxy1 = TH,(yx) and update
Y1 = Vi(x) + aks1[F(xes1) + (VF(Xr1)s X — Xkt1)]
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Superfast Second-Order Method
Nesterov 2018/ Nesterov 2020

¢ Ly

‘ Y Tu,(yr) /

Th+1
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Superfast Second-Order Method
Nesterov 2018/ Nesterov 2020

Convergence rate

H RP+1
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Hyperfast Second-Order Method

Gasnikov, Bubeck et.al. 2019/ Kamzolov, Gasnikov 2020

1: Define Ag=0,x =y =0
2. for k=0tok=N-1 do
3. Compute a pair A1 > 0 and yi11 € RY such that

% < Akt Lp - Ioers — ill”” <P
(p—1)! p+1
where
Xky1 = Tr,(yk)
and
Akt1 + \/Aiﬂ + 4\ k1 Ak Ay E
1= 2 T A " * A ©

Aks1 = Ak + aks1

4:  Update vky1 = vk — a1V F(xk+1)

5: return Xxy
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Hyperfast Second-Order Method

Gasnikov, Bubeck et.al. 2019/ Kamzolov, Gasnikov 2020

[

‘ Y T, (y) /

Th+1
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Hyperfast Second-Order Method

Gasnikov, Bubeck et.al. 2019/ Kamzolov, Gasnikov 2020

Convergence rate

. [ H.RP+1
f(xn) — f(x) < O< /,\JIM )

2

where O(-) means accuracy up to a logarithmic factor

Theoretical Line-search complexity

H * || p+1
k < 30plog p + log (”HX”>
e

N,
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Proximal-Point Method With Segment Search

Nesterov 2020

1: Set vp = xg € E, Hp>0VIAo:0
2. for k=0tok=N-1 do

3:

4:
5:
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Compute x? € Ty, (xk). If (VF(x), ux) >0, then g = V£ (x}),
Else, x} € Ty, (vi). If (VF(x}), uk) <0, then g, = V(x})
Else, find 0 < 7',} < 7',% <1, T,} € TH,(x« —}—T,}uk) n

T2 € Th,(xk + TZuk) such that:

a)ax <0< B b)yar(rt — 2) < h(TE),

where i = (VF(TE), ui), B = (VA(TR), ui), 1 = 525
h(x) - special function for step-size computation.
Compute gx = v VF(T}) + (L — v)VF(T2) n
Xk+1 = ’ykT,} + (1 — ’Yk)TE-

32
Ttos = Mxis1) and Aigr = Ax + axqa
Compute vgi11 = vk — ak+18k and Uk41 = Vk41 — Xk+1-

Compute ag41 > 0 from



Proximal-Point Method With Segment Search
Nesterov 2020

Uk 41
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Proximal-Point Method With Segment Search

Convergence rate

. [ H.RP+1
Flom) - ) < 0 (25 )
N 2 )
Theoretical Line-search complexity

1 3H,||x*||PH1
k<24 ~log <P”X”>
p 2¢

\
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Experiments
MNIST Logistic regression

1M
:MZ X, () = Zlog (1+exp( 1iX 5:))a

i=1 i=1
where M = 5000, d = 784 for MNIST

mplementation Time

Method Time Time/iteration

Cubic Newton Method | 1073 cek. | 10.73 cek./uTep.
Basic Tensor Method | 1079 cek. | 10.79 cek./utep.
Superfast Method 1102 cek. | 11.02 cek./uTep.
ProxPointSS Method | 1746 cek. | 17.46 cek./uTep.
Hyperfast Method 1579 cek. | 15.79 cek./uTep.
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MMNIST Logistic Regression

log(fx) — Flx*))
A

Cubic Mewton Method
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— Suyperfast method
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71— Hyperfast method
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Lower bound Nesterov function

1 M
fa(x) = ZZ|X" —xip1l* —x
i=1

Implementation Time

Method Iteration | Time | Time/iteration

Cubic Newton Method | 1000 21 cek. | 0.021 cek./uTep.
Basic Tensor Method | 1000 65 cek. | 0.065 cek./utep.
Superfast Method 1000 63 cek. | 0.063 cek./uTep.
ProxPointSS Method | 250 41 cek. | 0.164 cek./uTep.
Hyperfast Method 250 24 cek. | 0.096 cek./nTep.
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Lower bound
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Lower bound
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Lower bound
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Problem formulation

Empirical Risk Minimization(ERM)

min, Flx :MZ“@’”’ (1)

where {¢; = (&, m;)}M, are training samples, and £ is a convex loss
function with respect to x.

Furthermore, we assume F is Lp-smooth and ofg-strongly convex, i.e.,

ofly < V?F(x) < Lgly,

where /4 is the d-dimensional identity matrix. The condition number of F
is denoted as kg = Lg/oF, and the solution to (1) as x..
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Distributed setup

Distributed configuration

Data is distributed uniformly among m computing units/nodes/agents such
that D = {D1,...,Dp} and M = mn. That is, each machine

Jj €{1,..., m} locally stores n samples D; = {5 N )} . Moreover,
there is a central node, that is able to communicate with aII the worker

nodes.

Distributed ERM

Each agent j has a local emplrlcal risk, denoted as
Fi(x) 2 (1/n) 27y £0x; €9 09, where Fi(x) is a central node. Thus,

Y Sy S T
j=1

j=1i=1
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Statistically preconditioning

Reference function

Following the same algorithmic structure as DANE and SPAG, we define a
reference function

1 n
60 =5 3t G+ SlxIB,

where the examples (i are taken from the node which is chosen to be
central. It follows that ¢(x) is Ls-smooth, and o4-strongly convex.

Statistical similarity

The value of the parameter 1 is set to be a upper bound that quantifies
how statistically similar the function F; is from F, i.e., we assume that with
high probability, it holds that

IV2F(x) = V2Fi(x)]l2 < p.
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Relative smoothness

Relative condition number

F(x) is Lr 4-relative smooth and of /4-relative strongly convex with
respect to ¢(x), i.e.,

0F/¢>V2¢(X) < VPF(x) < LF/¢V2¢(X)=
with LF/(;$ = 1, UF/¢ = O'F/(O'F —i—2,u), and NF/d) = LF/d)/UF/q’)

Bregman divergence

The Bregman divergence is defined as
Dy(x,y) £ 6(x) — éy) = Vo(y) ' (x - y)-

Bregman proximal method

paparEn {{VF(x)s x—xi)+Lg /s Dy(x, k) } -
x€eR
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Inexact SPAG

Algorithm 1 InSPAG (LF/¢, OF/¢s X0, D}

I: Input: D s.t. x, € By(0,D), D3 = 2Ly,D?, Ly,
O'F/¢, G().

. Set Yo = Up = X0 € BQ(U, D}, g S 0, Ag £ Q.

: fort > 0 do

At the central node

Find the smallest integer ¢; > 0 such that

W 2

ok

2
Griiagyy

- D sug), (9
Af+1 q&(ut+1 Ut} %)

Dy(2pa1, Y1) <

where G, 1=2""1G,, A1 = A, +oyq, and
41 18 the largest root of
Appr(1+ Aogyg) = LpsGiiai,.  (10)
6:  Sendy, 1 = (aypqus + Ayxy) /A to workers.
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Inexact SPAG

At every worker node
Compute = ZZ 1 Vﬂ(yt_H, Q(J)) and send it to the
central node
9: At the central node
10:  Compute

n

1 m
= — 3N V(yes. 7).
VF '!Jt+1 o, yt+1

j=11i=1
11:
Solve uzy1 2 argmin Dé/t%(z), (11)
x€B5(0,D)
where Vi () £ v 1(VF(Yer1),® — yr1)+
+ (L+ Ao pyg) Dy, ug)+
+ 109D g (@, ysy1), (12)
12:
A
Set 41 2 w (13)
At
13: end for
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Complexity

Total complexity

To obtain an e accurate minimizer of F(x) total number of subiteration is

5 (m ( |ATA30° )) |

nl/4 min{A1, A2} + p

Communication complexity

If ¢ is a quadratic function, then G; = 1, and the communication
complexity will be O(,/FF/3). In the general case, where ¢ is not

quadratic, G; — 1 linearly with rate O(\/rF).
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Experiments

Communication complexity

Statistics of the datasets. M is the number of samples, d is the number of
features, Feat. is the average number of non-zero features, and Size is the

data size in MB.
Dataset H M ‘ d ‘ Feat.‘ Size

RCV1 20k 47k 74.05 13.7
In-house || 710M | 3,246k | 109.86 | 650.8k
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RCV1 Dataset
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Figure 5: Comparison of the communication rounds for the data set RCV1.
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In-House Data
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Communication Rounds
Figure 6: Comparison of the communication rounds for the in house dataset. a)
L3 = 10, ADAM learning rate 0.01, n = 10000; b) L3 = 100, ADAM learning rate

0.1, n =10000; c) L3 = 10, ADAM learning rate 0.1, n = 10000; d) L3 = 15,
ADAM learning rate 0.01, n = 1000.
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