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Preliminaries
e0

Problem statement
1. Saddle point problem (SPP) and MVI

i R" xR™ —» R
min max g(x,y), & :

Denote z = (;) and operator F : R" x R™ — R" x R™:

Flo= = (TN,

then if operator F : Z — R" is monotone over a convex set Z C R”, find

e Z: Vze Z,(F(z),z —z) <0. (1)

2/13



Preliminaries
e0

Problem statement
1. Saddle point problem (SPP) and MVI

i R" xR™ —» R
min max g(x,y), & :

Denote z = (;) and operator F : R" x R™ — R" x R™:

Flo= = (TN,

then if operator F : Z — R" is monotone over a convex set Z C R”, find
e Z: Vze Z,(F(z),z —z) <0. (1)
2. Gradient norm minimization

i Ve(x,y)ll2-
L IVe(x; y)l2
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Preliminaries
oe

Additional notations

» Dual gap
G(x,y) = max g(X,y’) — min g(Xla)/)~
yIERm XIE]R"
» SPP approximate solution
FeR" 7" eR" = G(X*, ") <e¢.

» Gradient norm minimization approximate solution

e Ry e R™ = ||[Vg(X*,7")|2 < ev.
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Assumptions
[ le]

Assumptions

Assumption 1.
g(x,y) is p-strongly convex in x and p-strongly concave iny.

Vx1, %2,y = (Vxg(x1,y) — Veg(x2,y), x1 — x2) > plxa — x|3,
Yy, y2,x = (=Vyg(x,y1) + Vyg(x,y2), y1 — y2) > i1 — yoll3-
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Assumption 1.
g(x,y) is p-strongly convex in x and p-strongly concave iny.

Vx1, %2,y = (Vxg(x1,y) — Veg(x2,y), x1 — x2) > plxa — x|3,
Yy, y2,x = (=Vyg(x,y1) + Vyg(x,y2), y1 — y2) > i1 — yoll3-

Assumption 2.
F(z) satisfies first order Lipschitz condition:

|F(z1) — F(2)]l2 < Li||lz1 — z2]|2
& [|[Vg(z1) — Vg(2)|]2 < Lif|z1 — 222
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Assumptions

Assumption 3.
F(z) satisfies second order Lipschitz condition:

IVF(z1) — VF(z)l|]2 < Laofjz1 — 22]|2
& |[V2g(z1) — V2g(2)|2 < La||z1 — 2|2
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Assumptions

Assumption 3.
F(z) satisfies second order Lipschitz condition:

IVF(z1) — VF(z)l|]2 < Laofjz1 — 22]|2
& |[V2g(z1) — V2g(2)|2 < La||z1 — 2|2

Assumption 4.

F(z) satisfies p-th order Lipschitz condition:

IVP7HF(21) = VP ()|l < Lpllzs — 222
< [[VPg(z1) — VPg(2)l2 < Lpllzr — 222
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SPP and MVI

Main
[ leJele]

results

Name Order | Assumptions Complexity
Nemirovski 2004 1 Ly O(Ly/e¢)
Gasnikov et al. 2020 1 Ly O(Li/p-log(1/eq))
Bullins and Lai 2020 p L, O(Lp/sg)szl

Table 1: Existing results
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Main results
[e] Jele]

SPP and MVI

Restarts + HighOrderMirrorProx from Bullins and Lai 2020

Theorem 1.

Suppose F : R" x R™ — R" x R™, that is defined in (1), is p-th order Lipschitz and

u-strongly monotone (Assumptions 1 and 4 hold). Denote R such that R > ||z; — z*||».
Then algorithm complexity is

2
p—1 1 2
o ((LR) o low) | )
1% €6
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Main results
[e]e] o]

SPP and MVI

Restarted HighOrderMirrorProx + CRN-SPP from Huang, J. Zhang, and
S. Zhang 2020

Theorem 2.

Suppose F : R" x R™ — R" x R™, that is defined in (1), is p-strongly monotone, first,
second and p-th order Lipschitz operator (all assumptions 1, 2, 3, 4 hold). Denote

R:R>|z1 — z*||2 and £ = max {1, %} Then the complexity of algorithm is

2
Lo,RPTINPT  [HER 1
@) (( P )p log 28 + log log ) . (3)
Iz p €6
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Main results
[e]e]e] )

SPP and MVI

Summary
Name Order | Assumptions Complexity
Nemirovski 2004 1 Ly O(Ly/e¢)
Gasnikov et al. 2020 1 w, Ly O(Li/p-log(1/e6))
=
Bullins and Lai 2020 p L, O(Lp/e&™)
Theorem 1 p i Ly ) ((Lp/u)ﬁ |og(1/56)>
Theorem 2 p p, L1, Lo, L, | O ((Lp/,u,)ﬁ + log Iog(l/ec)>

Table 2: Complexity results
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Main results

Gradient norm minimization

Restarted HighOrderMirrorProx + CRN-SPP + framework from
Dvurechensky et al. 2019

Theorem 3.
Assume the function g(x,y) : R" x R™ — R is convex-concave, p times differentiable
on R" under assumptions 2 — 4. Let Z be generated by proposed algorithm . Then

IVe(Z)ll2 < ev,

and the total complexity is
L,RP\ 71 LR
P
o((f’ ) log =2 ) (4)
v £V
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where £ = max{l, %}.



Forthcoming research
[ ]

Forthcoming research

» Lower bounds for tensor methods for (strongly) convex (strongly) concave SPP.
» Holder conditions, uniformly convex case.

» In Bullins and Lai 2020 the authors provided implementation details of the
HighOrderMirrorProx only for p = 2.
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