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Motivation and problem statement.

Lagrange-based reformulation.

Result for a general proximal setup.

Optimal algorithm for decentralized convex-concave saddle-point
problems in Eucledian setup.
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Problem of interest

We study a saddle-point problem of the form

min max fi(Xi, p, Yi, ).
pxitmy i, m Z S
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Problem of interest

We study a saddle-point problem of the form

min max fi(Xi, p, Yi, ).
pxitmy i, m Z S

Each f; is stored at a separate computational node.

Nodes are connected by a decentralized communication network.

Variables {x;}/_; and {y;}/_; are individual for each agent.

Variables p and r are common for all the nodes, and agreement
constraints on them are imposed.

Alexander Rogozin Decentralized saddles July 17, 2021 3/17



Example: Wasserstein Barycenters (WB)

n
® Probability simplex A, = {x eR": x; >0, Zx,- = 1}.
i=1
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® Ground cost matrix C € R*" characterizes transportation costs.
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Example: Wasserstein Barycenters (WB)

n
Probability simplex A, = {x eR": x; >0, Zx,- = 1}.
i=1

Ground cost matrix C € R*" characterizes transportation costs.

For histograms p, § € A, define Wasserstein distance

W(p,§) = min (C,X)st. X1=p, X'1=4.
XeRan

For given vectors g1, g2 ..., gm from the probability simplex A, their
WB is a solution of the following optimization problem:

1 m
* L W . q;). 1
P =arg min ;2—1 (P, qi) (1)
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Example: Wasserstein Barycenters (WB)

Following the papers [Dvinskikh and Tiapkin, 2020] and

[Jambulapati et al., 2019], we reformulate the WB problem (1) as a saddle
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Example: Wasserstein Barycenters (WB)

Following the papers [Dvinskikh and Tiapkin, 2020] and
[Jambulapati et al., 2019], we reformulate the WB problem (1) as a saddle
point problem. Introduce

e stacked column vector b; = (p',q!)";
® vectorized cost matrix d of C;
® vectorized transport plan x € A2 of X;
* incidence matrix A = {0,1}27<";

® vectors y; € [-1,1]?", i=1,...,m.
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Example: Wasserstein Barycenters (WB)

Following the papers [Dvinskikh and Tiapkin, 2020] and
[Jambulapati et al., 2019], we reformulate the WB problem (1) as a saddle
point problem. Introduce

stacked column vector b; = (p', q,-T)T;
vectorized cost matrix d of C;
vectorized transport plan x € A 2> of X;
incidence matrix A = {0, 1}27%"*;

vectors y; € [-1,1]*", i=1,...,m.

Then (1) can be equivalently rewritten as

m

1 . T T T
min — min ma d' x; +2||d <-A-—b- )}
pelAn m ;X,-EIAHZ yl.e[_]_)’(]_]Zn { X + ” ||oo Yi AX i Vi
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Problem statement

We study a saddle-point problem of the form

peEP reR

. 1\
min max f(x,p,y,r) EZ i(Xis Py Yis 1), (2)
xEX yeY i=1
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Problem statement

We study a saddle-point problem of the form

. 1\
min max f(x,p,y,r) EZ i(Xis Py Yis 1), (2)

peEP reR
xEX YEY
where x = (xf ...x0)T, y=(04 ... yh)T and X = X1 x ... x X,

Y=V1 X...XYVn.
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Problem statement

We study a saddle-point problem of the form

. 1\
min max f(x,p,y,r) EZ i(Xis Py Yis 1), (2)

peEP reR
xeX yey

Tand X = X1 x ... X X,

where x = (o ...x0)) T, y =04 ... vh)

Y=V1 X...XYVn.

m, P, R are convex compacts.

® Sets X, Y, i=1,...,
® Each fi(-,-, y;, r) is convex on X; x P for every fixed y; € V;, r € R

(oL
® Each fi(x;,p,-,-) is concave on V; x R for every fixed x; € Xj, p€ P

July 17, 2021 6 /17
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Communication constraints

® FEach f; is stored at a separate computational agent.

® The agents interact via a connected undirected network represented by
a fixed graph G = (V, E). Every pair of agents (/,j) can communicate

iff (i,j) € E.
® Each agent i stores a local copy p;, r; of the global variables p and r,
and consensus constraints py = ... = pm, I = ... = ry are imposed.
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Communication constraints

We introduce a matrix W associated with the network and satisfying the
following assumption.
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following assumption.

e W/ is symmetric positive semi-definite.
e (Network compatibility) [W]; = 0 if (i,j) ¢ E and i # j.

® (Kernel property) For any v = [vy,...,vn]' € R™, Wv = 0 if and
only if vi = ... = vp,. In other words, Ker W = span {1}.
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e W/ is symmetric positive semi-definite.

e (Network compatibility) [W]; = 0 if (i,j) ¢ E and i # j.

o (Kernel property) For any v = [v,..., vm]TNE R™ Wv =0 if and
only if vi = ... = vp,. In other words, Ker W = span {1}.

An examNple of matrix satisfying th~is Assumption is the graph LNap/acian
matrix We R™* ™ such that a) [W]; = —1if (i,j) € E, b) [W]; = deg(i)
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Communication constraints

We introduce a matrix W associated with the network and satisfying the
following assumption.

e W/ is symmetric positive semi-definite.

e (Network compatibility) [W]; = 0 if (i,j) ¢ E and i # j.

o (Kernel property) For any v = [v,..., vm]TNE R™ Wv =0 if and
only if vi = ... = vp,. In other words, Ker W = span {1}.

An example of matrix satisfying this Assumption is the graph Laplacian
matrix W& R™ ™ such that a) [W]; = —1if (i,j) € E, b) [W]; = deg(i)
if i =j, c) [W]; = 0 otherwise. Here deg(/) is the degree of the node i.
The communication matrix is then defined as W £ W ® I, where ®
denotes the Kronecker product and d is the dimension of variables on
which affine constraints are imposed.
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Problem reformulation

Introduce F(x,p,y,r) = i~ fi(xi, pi, yi, ri), two communication matrices
W,, W, and rewrite problem (2) as

min max Zf X, r,
AP S iy Pis Yis Ii)-

x€X,pePyEYreR  i=1
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Problem reformulation

Introduce F(x,p,y,r) = i~ fi(xi, pi, yi, ri), two communication matrices
W,, W, and rewrite problem (2) as

1 m
min max —Zf-x- Vi ).
Wpp—0 W,r=0 m 4 I( is Pis Yis I)
XEX pEPYEVFER =1

After that, we introduce Lagrangian multipliers and get a reformulation
[Rogozin et al., 2021]

i F Y, W 3
xe?,'ﬁ‘epye@ﬁ)én[ (X, P, Y, 1) + v (U, Wer) + 7, (2, Wpp)],  (3)

ucR™mr  zeRMdp

where 7, and v, are arbitrary positive scalars.
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Result for general proximal setup

We assume that a vector field associated with saddle-point problem (3) is
L¢-Lipschitz w.r.t. corresponding norm.

Theorem

Let (XN, pN gN ¢V, N, N) be the output of Mirror-Prox and introduce

pN =157 1p’V, PN = LS~™ FN. Then, for a given accuracy € > 0,

after N = [ -‘ steps of Mirror-Prox with stepsize o = 1/L: we have

max _f(xY, 5"y, 7) — min _f(x,p,9".7") <e
yeY,FER xEX,pcEP
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Result for Euclidean setup

Let each f; be L-smooth w.r.t. [|-||, and W, = W, = W.
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Corollary

e Convex-concave case: Mirror-Prox achieves accuracy ¢ after
O ((LR?\/X)/€) communication and O((LR?) /e) computation steps.
® i-strongly-convex-strongly-concave case: Mirror-Prox requires
N = O(max(L/u, (LR?)?\/X/¢) log(R?/(me))) communication and
computation steps to achieve e-accuracy (with a correct problem
regularization).
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Result for Euclidean setup

Let each f; be L-smooth w.r.t. [|-||, and W, = W, = W.

Corollary

e Convex-concave case: Mirror-Prox achieves accuracy ¢ after
O ((LR?\/X)/€) communication and O((LR?) /e) computation steps.
® i-strongly-convex-strongly-concave case: Mirror-Prox requires
N = O(max(L/u, (LR?)?\/X/¢) log(R?/(me))) communication and
computation steps to achieve e-accuracy (with a correct problem
regularization).

Mirror-Prox is optimal is the non-strongly-convex-concave case!
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Euclidean setup, strongly convex-concave case

Computational and oracle complexities can be separated by a sliding
technique. Let g(¢) = A(¢) + B(C),
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Euclidean setup, strongly convex-concave case

Computational and oracle complexities can be separated by a sliding
technique. Let g(¢) = A(¢) + B(¢),where

AC) = F(x,p,y:1), B(C) = 7 (u, Wir) + 75 (2, Wop) + /2 [[u]l3 — a/2 2]

Algorithm 3 Sliding

Require: Initial guess x° € Q, step-size > 0.
1: for k=0,1,2,...do
2 vh=ck—nA(Ch) ) A
3 Find 6% € Q, such that §% ~ 6%, where 0¥ € Q is a solution to
variational inequality (for all ¢ € Q):

(3B04) + 6 — ¢~ %) 0 @
4 wk = 0% +n(A(CF) — A(6Y))

5. (KT = Projo(w")
6: end for
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Euclidean setup, strongly convex-concave case

For achieving e-accuracy, Algorithm 1 requires
Neomp = O ((L/,u) Iog(Rg/me)), computation and

Waesm = © (((LR2)2/5)\/ylog(1/5) Iog(Rf/me)) communication steps.

Alexander Rogozin Decentralized saddles July 17, 2021 13 /17



Euclidean setup, strongly convex-concave case

For achieving e-accuracy, Algorithm 1 requires
Neomp = O ((L/,u) Iog(Rg/me)), computation and

Waesm = © (((LR2)2/5)\/ylog(1/5) Iog(Rf/me)) communication steps.

® Computation and communication complexities separated.

Alexander Rogozin Decentralized saddles July 17, 2021 13 /17



Euclidean setup, strongly convex-concave case

For achieving e-accuracy, Algorithm 1 requires
Neomp = O ((L/,u) Iog(Rg/me)), computation and

Waesm = © (((LR2)2/5)\/ylog(1/5) Iog(Rf/me)) communication steps.

® Computation and communication complexities separated.

® Optimal in the number of oracle calls.

Alexander Rogozin Decentralized saddles July 17, 2021 13 /17



Euclidean setup, strongly convex-concave case

For achieving e-accuracy, Algorithm 1 requires
Neomp = O ((L/,u) Iog(Rg/me)), computation and

Waesm = © (((LR2)2/5)\/ylog(1/5) Iog(Rf/me)) communication steps.

® Computation and communication complexities separated.
® Optimal in the number of oracle calls.

® Not optimal in number of communication rounds.
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Numerical tests

We compare against IBP algorithm [Benamou et al., 2015] on the

decentralized WB computation problem. Mirror-Prox shows a more stable
performance.

-,

Figure: WB of letter 'B’ found by DMP (left), IBP with v = 10~ (middle) and
v =107° (right).
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Conclusion

® Saddle-point problems with local (individual) and global (common)
variables.
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Conclusion

Saddle-point problems with local (individual) and global (common)
variables.

Lagrange reformulation of the constraints allows to apply Mirror-Prox
and obtain results immediately.

Simple optimal algorithm for the Euclidean convex-concave case.

Splitting oracle and communication complexities in the
strongly-convex-concave setup.
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