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Alternating Minimization Problem

min f(x), (1)

zERN

where f is a L-smooth function and has a block structure, i.e.
f(fL’) = f(xlv"'axn)’
and we know exact expression for the minimizer over i-th block:

* —_— ] . .
Ty = argmlnf(xla s Li—1, 2y Lit1, - - - ’xn)a
ZECL;

where @ L; = RY.
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Sample Problems

Alternating Minimization Problem



Regularized Discrete Optimal Transport

The problem is to find such a transportation plan X, that minimizes

' X) = (C, X) + (X, In X), 2

Jin () = (€.X) +7(X.n X) @)
U(r,e) = {X e RN : X1 =7, XT1 =},

where C € RJXXN is a given cost matrix.
» 1 ¢ RV is the vector of all ones,
> r.ce Sy(1) :={s € RY : (s,1) = 1} are given discrete
measures,
» (A, B) denotes the Frobenius product of matrices defined as

i,j=1
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OT Dual

The dual (minimization) problem

min_¢(u,v) = v(In (17 B(u,v)1) — (u,7) — (v, c)),

u,vERN

ij i j _ CY
where [B(u,v)]” = exp (u +ol == )

The tranportation plan is computed as follows

¥ B(u,v)
17 B(u,v)1
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Sinkhorn's algorithm

Lemma

The iterations

(uk+1

w1 € argmin o (u, v¥), v*T! € argmin ¢ , V),

ucRN veERN

can be written explicitly as
W =4 +Inr — In (B (uk,vk> 1) ,

T
" =P 4+ Inc—1In <B (uk+1,vk) 1) .

This lemma implies that an alternating minimization method
applied to the dual formulation is a natural algorithm. In fact, this
is the celebrated Sinkhorn's algorithm

[Sinkhorn, 1974, Cuturi, 2013].
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Entropic Regularization for Wasserstein Barycenters

Using the entropic regularization we define the regularized
OT-distance for v > 0:

Wer(p,q) = Weng%gq)@n C) +~H(r),

where H(m) := 37", mij (Inmj — 1) = (m,Inm —117). One may
also consider the regularized barycenter which is the solution to the
following problem:

min — Z We,n (01,4 (4)

qeEA™ M,
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Dual for Wasserstein Barycenters
Lemma

Lemma 1 from [Kroshnin et al., 2019]. The dual (minimization)
problem of (4) is

m
min - p(u,v) = v w {In (17 By (wy, v) 1) — (ug, pr) }—mey
21z wiv=0 =i
(5)

w=[ug,..., unl,v=[v1,...,0m],u,v; € RN, and
. . C
By (ug,vp) = diag(e™) K; diag(e™), K;=exp|——
~
Moreover, the solution 77, to (4) is given by the formula

[ﬂ-ﬂl =By (uj,v])/ (ITBl(uzk?vl*)l) )

where (u*,v*) is a solution to the problem (5).
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Explicit Solutions for AM

Lemma

Iterations

uFt = argmin o (u, v¥), v* = argmin p(u¥, v),

u v

k+1

may be written explicitly as

;”1 = uf +Inp; — In (B (ug,v) 1),

kH =y —i—Zln ], J)Tl)—lnBl(ul,vl)Tl.
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Multi-marginal Optimal Transport Problem

Following the approach from [Cuturi, 2013, Benamou et al., 2015],
we consider a regularized multi-marginal OT problem.

min F(X) = (C,X) —vH(X),  (6)
XGR:?:X.“X’IL’
pr(X)=pr, Vke{l,..,m}
Zil AAAAA im Xil ,,,,, im:L 1<743<n
where
>
Pe(A)]; = D Anie ik i
lgilgnl,Vl;ék
» ~ > 0 is the regularization parameter,
> H(X) := —(X,log(X)) is the entropic regularization term
> logarithm of a tensor should be understood as component-wise.
> X belongs to a probability simplex of the size n™. The

entropy is strongly convex on the probability simplex w.r.t. the
1-norm, that implies that the dual function has a

Lipschitz-continuous gradient.
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MOT Dual
With the change of variable uy = —% — % the dual objective

becomes

o(U) = o(ug,...,um) =

v lln Z exp Z[Uk]zk - Cilﬂ;'im } - Zugpklv (7)
k=1 k=1

——

i1,05bm
1<ij<n
1<jsm
where U = (ul, ... ul)T € R™.
m
Akli Ciy.im
exp <— > [ ’;]% i >
k=1
(3 [3 im
> oexpy— > - E_ lv
i1yerim k=1
lgzjgn
1<g<m

Multi-marginal Optimal Transport (MOT) Problem
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AM

Lemma

The iterations

t+1 . t ¢ t t
wy € argmin G(ug, ..., U, Uy Up 1, - e Uy ),

u€eR”

can be written explicitly as
up™ = uj + Inp — Inpi(B(UY)),
or entry-wise as

[U?I]n = [Ullfc]n + In[pgl; — ln[Pk(B(Ut))]n-
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Low Rank Matrix Completion

Assume that )
A=UvT,

where U € R™*" and V' € R™*" consist of u; and v; respectively.

It turns out that assuming the matrix to have rank at most r is
equivalent to assuming that the matrix A can be written as

A =UVT with the matrices U € R™*" and V € R™ " having at
most 7 columns.

. 2
A = argmin Z {UiTVj - Aij} .
e (i)
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The problem
» has no constraints
» is formulated as alternating minimization in (U, V)
» is non-convex in (U, V).
» has Lipchitz continuous gradient (by Theorem 1 from
[Khenissi and Nasraoui, 2019])

Matrix Completion

Sample Problems
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2
: T
%1’151 FU,V) = Z | .c,-j (pij—Ul- V])
observed 7,5

A DB+ IV |- (10)
i i

Explicit minimization is possible
U= VTCV + )TV TCip(i)

where C; is a diagonal with entries [C?] = cix

vector p(i) contains preference by i-th user, e.g. p;; values.
Vi = (UTCIU + AU T CIp(4)

where C; is a diagonal with entries [C] i = Cj
vector p(j) contains preference by j-th item, e.g. py; values.
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Canonical Polyadic Tensor Decomposition

Tensor Ty xk

Sample Problems | CP Decomposition
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Canonical Polyadic Tensor Decomposition

Tensor Ty xk

Alxr . B] Xr - Cer

The problem is to find appropriate matrices A, B, C' with given
tensor T and CP-rank 7.
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CP Decomposition

CP decomposition allows us to calculate any element of the tensor
in a following manner:

T
Tijk = > AipBjpChp
p=1
Hence, we want to find matrices, that minimizes squared Frobenius
norm of the residual:

2

T
f(l') = 5 Z Tz‘jk — ZAiijkap — min

AERI X BERI X7 CeRK X
4,5,k p=1 ’ ’

(11)
where = (A, B,C0) "
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AM minimization

o1

ARt = argjmn§||T(1) — A(C* o BMT|%
1

Bkl = arg;nn§||T(2) — B(C* o AMT%,

1
CchHl = argminiHT(g) —C(B* o AHT 3%
C

(T(; is the unfolded matrix of 7" in a current mode)

Sample Problems | CP Decomposition
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Algorithms

19



Standard Alternating Minimization

A very old and natural idea under this assumption is to use
alternating minimization procedure

[Ortega and Rheinboldt, 2000, Bertsekas and Tsitsiklis, 1989],
where the objective is minimized sequentially in each subspace.

An alternating minimization algorithm may be written as Algorithm
1 for the general case of number of blocks n > 2 and possible
non-smooth composite term presence objective function

n
xnélg F(z1,...,22) = f(z1,...,2n) + Zgi(xi), (12)
i=1,..m =1

Algorithms | Standard Alternating Minimization
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Standard AM

Algorithm 1 Alternating Minimization

Input: Starting point xg.
Output: z*

1. Set V.

2: for i > 0 do

3:  Select block I =1,...,n,

we use [ = argmax;—i . STZ
k+1 _ :
4 z7T =argmingcg, (@1, T1-1,2,T0415 -, Tn) + 91(2)
. k+1 _ k.
5: $z’ =Ty, 7é 1
6: end for

There are multiple common block selection rules, such as the cyclic

OF
ox1 )'

which uses further. More generally, it is also possible to update
more than one block on each iteration [Hong et al., 2016].

Algorithms | Standard Alternating Minimization

rule or the Gauss=Southwell rule (I = argmax;_;
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Convergence w.r.t any norm

Theorem (n=2 for simplicity)

If F' from (12) satisfies the proximal-PL inequality. Then the
algorithm 1 has a linear convergence

F(zbt) — F* < (1 - 5—2) <1 - %) [F(z*) — F*].  (13)

The derivation does not specify what
norm is used.
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Accelerated Alternating Minimization

We proposed new accelerated method for alternating minimization
which is originates in [Nesterov et al., 2020].

Algorithms | Accelerated Alternating Minimization
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The Original Algorithm

Algorithm 2 AGMsDR

Input: Starting point xg.
Output: zv

1:

2:

3:

8:

Set Ag =0, 2 = 0.
while £ < N —1 do

B = argmingeoy) f (v + Bla* — o))
yks — ok 4 ,Bk(:ck _ vk)

hi+1 = argming>o f (y* — AV f(y¥))
ah =gk — by V F(yF)

Choose ay11 from f(y*) — Ser IVFPIE = f

24k 41
App1 = Ap + ag41

R = oF —ap  V f(yF)

end while

()

Algorithms | Accelerated Alternating Minimization
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Accelerated Alternating Minimization

Algorithm 3 Accelerated Alternating Minimization (AAM)

Input: Starting point xg.
Output: =V

1

2:

3:

8:

. Set Ap =0, 29 =Y.
while £ < N —1 do

B = argmingeoq] f (2% + B(v* — zF))
yk — xk 4 Bk(vk _ xk)
ir, = argmax [|[Vif(y*)|3

i€{l,...,n}

¢l = argmin f(x)

z€8;, (y*)

2
Choose ay11 from f(y¥) — Z=L [V (yF)[3 = f(2* )

App1 = Ap + ap1
P = vk — 4 V()

end while

Algorithms | Accelerated Alternating Minimization
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Accelerated Alternating Minimization

Accelerated alternating minimization method Algorithm 3:

>
>

Algorithms

Uses a univariate minimization

Greedy approach to determine the block which is updated,
unlike how it is usually done in random coordinate descent
methods

If fis convex, our method enjoys the accelerates O(1/k?) rate
for the objective residual and, for a general setting of possibly
non-convex functions it guarantees that the squared norm of
the gradient decreases as O(1/k)

The original method is the same for the both settings meaning
that it is uniformly optimal for convex and non-convex
optimization

Also our method possesses linear convergence rate under PL
condition

|  Accelerated Alternating Minimization
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Theorem

a) Assume that f is (possibly non-convex) L-smooth function w.r.t.
Il - [|l2- Then, after k steps of Algorithm 3,

2nL(f(2°) — f(zx))
- :

R RIERS (14)

b) If f additionally satisfies Polyak-tojasiewicz condition Algorithm
3 started with ©u = 0 possesses linear convergence:

fa ) - f@) < W (1-£) - (Fa”) - £, (19)

c) Assume additionally that f is strongly convex with pn > 0. Then,
after k steps of Algorithm 3,

k—1
f(xk)f(x*)gnLRQmin{;Q, <1 TZ‘L> } (16)

Algorithms | Accelerated Alternating Minimization
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Implementation Details

But in practice the line search procedure can be computationally
expensive, but the proof uses the line search for
B = argminge(o q] f (:L'k + B(vF — :ck)) only to satisfy

(V) 0" —yF) >0

and
F*) < f(=h)

so these conditions are used as a stopping criterion.

Algorithms | Implementation Details
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k

Moreover, appropriate value of 3* are typically close to 1, 7 -

are used is a starting point

Histogram of 8 *

120 A

100 A

80

60 1

Frequency

40 A

20 A

S S

0.0 0.2

0.4 0.6 0.8 1.0

So the algorithm needs 2-3 iteration in average of the line search

subroutine.

Algorithms | Implementation Details
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Numerical results
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Figure: Performance comparison between multimarginal Sinkhorn's
algorithm and Algorithm 3 (n = 15, m = 4)
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Figure: Performance comparison between on the MNIST dataset. Filled
in area corresponds to 1 standard deviation.

Numerical results | Optimal transport




functional suboptimality

T T T

0 20 40 60 80 100 120

times, s

Figure: Performance of the Algorithm 1 and Algorithm 3 applied to the
problem (10)

Numerical results | Matrix Completion

33



100': —— AGM-faster
1 AGM-mod-seq-rand
—— AM-seg-rand
1014
1072 1
0.0 0.2 0.4 0.6 0.8

Figure: Performance of the Algorithm 1 and Algorithm 3 applied to the
problem (11)
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AAM Modification

Algorithm 4 Accelerated Alternating Minimization (AAM)

Input: Starting point xg.
Output: zV
1 Set Ag =0, 29 = 0.
2 while k < N —1do
3 = argminﬁe[o’” [ (@F + Bk — 7))
y* = 2F + Br(oF — oF)

adp = argmaxeqy ) [Vi FMI3 {Costs: O(-)}
ok — = argmin, g, (,r) f(z) {Costs: O(;)}
zhtl = argminmeS# ($k+1) f(z) {Costs: O(;;)}

Choose aj11 from f(y*) — ;i“:jlllvf( MIE = faFT
Apy1 = A + apq1
R =0k —ap  Vf(y)

end while
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Comparison of AGMsDR and its Alternating Modification
The test problem

min f(z) = [ W= - b3, (17)
and its alternating modification

min [ Az + By — cl} + |Cx + Dy - dJ, (18)

() () ()

af = (ATA+ CTC) AT (e — By®) + CT(d — Dy")]
y* = (BTB+ D"D)™[BY (¢ — Az") + DT(d — Ca")]

where

AM:

Numerical results | AGMSsDR vs. Alternating AGMsDR
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Comparison

Comparison of AGMsDR and Alternating AGMsDR, started with

p=0
K1 = 821.5, K = 1.22, Kk = 1000.9
101 1 .
1 ——- Alternating AGM
N : ...... AGM
o 10741 o
= 1 =
8 1001 g
ey 107 e ey
o \ 5]
= \ —=
S 10754 ST m——e g
o Seao o°
1077 4 ‘~~\\
0 50 100 150 200
iterations

Numerical results

AGMsDR vs. Alternating AGMsDR

k1 = 3.17, k2 = 3.15, k = 10.0

101 4
1072 4
10—5 4
1078 {
10711 4

10-14 4

——=- Alternating AGM
AGM

I

1

1

A
A%
<

100
iterations
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Comparison

Comparison of AGMsDR and Alternating AGMsDR, started with
uw=0.

K1 = 98.9, k; = 1.02, Kk = 100.9 K1 = 10.98, kK, = 1.002, k = 10.99
10° 4 . 1 --- Alternating AGM
10-¢  femmmee L N B R AGM
g RPN S | RSTCLREE ERO S E 10-4 43
$ 1078+ < 2 E
() (N [ 7] T=~o
5 10712 \\\ g 10 EER
'_“é‘ 10—16 4 \‘ % 10—10 I S R el s..\..\..\ .............
| " Alternating AGM \\ s \\\\
10 T..... AGM \\\ 10 b \\\'
0 20 40 60 80 100 0 20 40 60 80 100
iterations iterations
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