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Inspiration from Yurii’'s works

First-order methods generate dual information that can be accumulated to
B accelerate the algorithm;
B construct the model of the primal objective;
B extract approximate dual solution

Influential work on the smoothing technique:

Smooth minimization of non-smooth functions 133

with f € C}J-‘l (Q). For simplicity, we assume that the constant L = 0 is known. Recall
that the standard gradient projection method at this problem converges as O(%), where
k is the iteration counter (see, e.g. [7]).

In our scheme we update recursively two sequences of points {x;}?°, C Q and
{v1%y C Q insuch a way that they satisfy the following relation:

k
L
Ak S (i)=Y =min ;d(«r)+zﬂf[f(xx') HVS (i), x —xid]: x € Q}. (R#)

i=0)
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Inspiration from Yurii’'s works

Smooth minimization of non-smooth functions

137

Note that
Fuw) = max{((Ax, u)y — d(w) — pep(w) : w € Qo)
= (Ax, up(0)2 — Pl () — pdy (0, (x)).
(V £u@), )1 = (A*u (), %)
Therefore

Fui) = (Vfu (), xid1 = =B (x) — pda(uy (), i =0,...,N.

Thus, in view of (2.6) and (4.6) we have

N
DG+ DU + (V fuxi), x = xidi]

i=0

(4.6)

N
1 s N
= DG+ DU = (Y fuli),xih T+ 5 (N + DN +2)(F @) + (A%, 1)
i=0

N
- 1 Py
=- E G+ D) + E(N + DN +2)(f () + (A%, x)1)
i=0

1 ~ 2 e
= E(N + DN +2)[—p@) + f(x) + (Ax, )]
Hence, using (4.5), (2.3) and (2.7), we get the following bound:

L, Dy

SR Ju®) = ¢@) = f(R) — dp@) — pDy.

That is

4YAI2,D1 AMD,

OSf(X)*MM)EMDerm AN

@7
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El Motivation: Optimal Transport
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Discrete=discrete optimal transport hzx‘:"‘e‘ J

B2, € RY i =1,...,n—supportof 1i; C!f—> Qe . Q¢
m oy €RYi=1,..,n—supportof ; .._‘
i vooiXg
m = Z;’L:l (1,(5(]}2), a € Sn(l); ......,......j.?...a:...
W=7 00(), b Si(1); O-f--iee@mdpeecdo
m C;; =C(z,y;), 4,j=1,...,n—ground cost "“ i
matrix; b
B X,; =n(z,y;), 4,j=1,..,n—transportation
plan;
Optimal transport problem
n
i C,X)= Ci;i Xi;,
Xé?{l(g,b) < > ijzz:l 7 )

U(a,b) == {X eRP": X1 =a, XT1=0}.
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Building blocks

P(E) - space of measures on E

C'(z,y) — transportation cost

T Y

F — basis space
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Image classification

Goal: classify images from MNIST dataset “

Basis space — pixel grid

Cost — Squared Euclidean dis-
tance

Measures — histograms of pixel in-

tensities

Run standard SVM based on dis-
tance between images

MNIST Data: Average GV Error (SVM)
as a Function of Data Size

009 Y

|_[e
0.08, [ Chi
: 1 Hell
_ 00 ElEMD
8 IND
g 0.0 Ml Sinkhorn
]

Test
o
=3
o

0.03

30005000 8000 12000 17000 25000
Dataset Size. 1/4 Train, 3/4 Test. 6 repeats

Cuturi. Sinkhorn distances: Lightspeed computation of optimal transport. NIPS 2013.
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B Numerical methods for OT distance
m Sinkhorn’s algorithm
m Accelerated gradient method
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m Sinkhorn’s algorithm
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Possible approaches

Find X €U(a,b) st (C,X)< min (C,X)+e,
XeU(a,b)

U(a,b) = {X eRT": X1 =0, X"1=0}.

B Linear programming problem with complexity O(’n3 In n) arithmetic operations
[Pele & Werman, 2009].

B Widespread approach [Cuturi, 2013]. Solve by Sinkhorn’s algorithm an
entropy-regularized optimal transport problem

i C,X)+~v(X,InX).
xé31<2.1,)< )+ (X X)
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Entropy-regularized OT

Primal problem

(C, X) +v(X,In X)

min
Xel(a,b)

<
5

)+ (X, In X))

).

. X ne
xen%,bﬂ( (X,Ine

min YKL
XeU(a,b)

2]Q

(X, e

Ula,b) ={X e RT*": X1=aq, XT1 =10}

Dual problem

max
1%

Y e (
Q=1

L0y m-)) (e a) + ()

NB: Regularization introduces error v(X,In X) € [—vIn(n?), 0] = we need to

take v = ©(¢/Inn).
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Sinkhorn’s algorithm: dual view

Dual problem
- 1
max—7y D exp (—;(Cia’ —&i- T/j)) + (& a) + (n,b)
’ i,j=1
T _c¢
—max—(e7) 7T eF +(ga)+ (n,b)
31

Optimality conditions (gradient equal to 0)

. £ _C 1
dl&g(@ﬂ) e 7 er =a

n _oN\T ¢
diag (e“f) (e v) ev =0

Alternating minimization in £, n

k+1) _ a k+1) _ b
¢ =y " =y
e ver (677> e 7

NB: Adaptive algorithm: no need to know any smoothness parameters.
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Sinkhorn’s algorithm convergence rate

Bounds for the iterates and optimal solution

Denote R := —In (vmin; ;{a’,b'}), v := min; ;K% = e~ 1=/ Then

maxiu}; — miniuﬁc < R and the same bounds hold for vy, u*, v*.

Sinkhorn’s convergence rate

Sinkhorn’s algorithm requires no more than

4 1
€ Ye

iterations to find B (ug, vg) st. || B(ug, vi)1 — all1 + || B(ug, vg)T1 — blj1 < €.

Here K := e~ “/7and B(u,v) := diag(e") K diag(e").

Small feasibility error turns out to be enough to make the objective small.

D., Gasnikov, Kroshnin, Computational Optimal Transport: Complexity by Accelerated Gradient
Descent Is Better Than by Sinkhorn’s Algorithm. ICML 2018.
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Sinkhorn’s algorithm summary

B Entropy-specific.

| 1
B Complexity 7 or rate Tk
B Adaptivity.

B May be unstable for small ~.

Can we propose something else?
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Content

BE Numerical methods for OT distance

m Accelerated gradient method
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Drawbacks of entropy regularization

B Blurring in the transportation plan.

B Dense transportation plan.

‘ ||||| I|||||.||| LT

||| M

|I| |IIIIIII“II||I|UI

|||| M 0
: HH

- ] ¥ of E——
-‘& o= Hﬂﬁt =0 55 uf =
. . B . © =
S e peo Qe pfewee® .0 (B
™ . . B
be . .= PE Fa sal.so s . oo olE
L oo ] o oo BNy . a» =
I as R lecaB Ch mogf B B
age o™ " |
. "3 ® o BIC SEREITE RN
R gas g Wk |
B a o =
ga o ® i o ® R0 |F

Smoothed semi-dual (sq. 2-norm) Relaxed primal (Eucl.)

Smoothed semi-dual (ent.)

Unregularized
Sparsity: 0%

Sparsity: 94% Sparsity: 90%

Lower image: Blondel et al., 2017

Sparsity: 87%
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Regularized optimal transport as a particular case \kztz“‘;‘;,é“ é

Jin {f(z): Az =c},

where
B F —finite-dimensional real vector space;
B () - simple closed convex set;
mA:FE—~HbeH,

B f(x)is y-strongly convex on Q w.rt | - || g. i.e. forall z,y € Q,
Y

fy) 2 f(2) +(Vf(2),y —2) + Sz~ yll%-
To obtain entropy-regularized optimal transport problem, set
mE=R"H=R"| |g=].Q=Swe);

B f(x) = (C,X)+v(X,In X); (we can use another regularizer, e.g. || X ||3)
B{z:Az=c}={X:X1=aqa, XT1=0b}.
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Related work

Desired features:

B accelerated
convergence rates
O(1/k?) separately for
f(zg) — f* and
|Azy — bl|;

B line-search;

B entropy friendliness.

ALGORITHM

BECK & TEBOULLE, 2014
CHAMBOLLE & Pock, 2011
MALITSKY & POcCK, 2016
TRAN-DINH & CEVHER, 2014
YURTSEVER ET AL., 2015
PATRASCU ET AL., 2015
GASNIKOV ET AL., 2016

LI ET AL., 2016

LAN ET AL., 2011

OUYANG ET AL., 2015
OUR ALGORITHM

RATES

XXX X

LS

U X X X X X X <0 X <_

ENTR.

NP N N N RN

A series of related works [Alacaoglu, Tran-Dinh, Fercoq, Cevher, 2017], [Tran-Dinh,

Fercoq, Cevher, 2015-2018], [Tran-Dinh, Alacaoglu, Fercoq, Cevher, 2018] achieve

similar results.
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Dual problem

wig (£(0): Ao = e} =mig { 10)+ (0, o — o)}

= max {—(A,c) + ;Iélél{f(x) + <)\7A:v>}}

Dual problem

AEH*

min {gp()\) =(\¢)+ rlneaéc{—f(l) —(\ Aa“>}} .

VoA =c—Az(N), z(\) = argrgr;leaé({ff(a:) — (N Az)}.

V() is Lipschitz-continuous

oV < 0(0) + (Vo)A — Q) + Bﬂ%@u I
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Inspiration from Yurii’s paper on Smoothing technique @

Many algorithms proposed by Yurii are primal-dual: a linear model of the objective is

produced that gives information about the dual variables.
Smooth minimization of non-smooth functions 133

with f C}J‘l (Q). For simplicity, we assume that the constant L = 0 is known. Recall

that the standard gradient projection method at this problem converges as O(%), where
k is the iteration counter (see, e.g. [7]).

In our scheme we update recursively two sequences of points {x¢}7°, € Q and
{v 1%y C Q in such a way that they satisfy the following relation:

k
L
A S i)=Yk meiﬂ ;d(x)Jrzde'(n) H{Vf(xi), x —xi)]: x € Q‘l , (R
i=0

Main idea: apply Accelerated Gradient Method to the dual, use the primal-dual
connection () to reconstruct the primal variable.

Main obstacle: unbounded dual feasible set.
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Adaptive Primal-Dual Accelerated Gradient Descent

Require: Accuracy €7,¢c¢q > 0, initial estimate Lo s.t. 0 < Lo < 2L.
1: Set’i():k:o,M_l:Lg,ﬁ():a():o,no:{o:)\o:o.
2: repeat {Main iterate}

3:
4:

9:
10:

repeat {Line search}
Set My, = 21 My, find s 1 St Brat1 i= B + Qpe1 = Mkaiﬂ. Set
Tk = g1/ Brr1
Aet1 = TG+ (1 — 71)78
[Update momentum] Cx41 = Cr — i1 Vo Agi1).
[Gradient step] 7;+1 = TkCrr1 + (1 — T)0k ~
M1 = Aot — 51 VO Ap1)-
until

My,
©Mt1) < P(Akt1) H{(VO(Aer1), a1 — Apr1) + 5 k11 — At ll3-

[Primal update] 541 = TR (Agr1) + (1 — 71) k-
Setirt1 =0,k=k+1.

1o until f(Zr41) + e(Mes1) < €5, || A k1 — bll2 < €eq-
Ensure: i1, Nkt1.
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Adaptive Primal-Dual Accelerated Gradient Descent

Require: Accuracy €7,¢c¢q > 0, initial estimate Lo s.t. 0 < Lo < 2L.
1: Set’i():k:o,M_l:Lg,ﬁ():a():o,no:{o:)\o:o.
2: repeat {Main iterate}

3:
4:

9:
10:

repeat {Line search}
Set My, = 21 My, find s 1 St Brat1 i= B + Qpe1 = Mkaiﬂ. Set
Tk = ey1/Brr1.
Akt = TwCr + (1 = %) 0k
[Update momentum] (x+1 = Ck — akr1 Vo (Ait1).
[Gradient step] k11 = TwCrr1 + (1 — 7o)k ~
M1 = Net1 = 3 VEAkt1)-
until

My,
©Mt1) < P(Akt1) H{(VO(Aer1), a1 — Apr1) + 5 k11 — At ll3-

[Primal update] Zx11 = T2 (Aer1) + (1 — 75) @
Setijs1 =0,k =k + 1.

1o until f(Zr41) + e(Mrt1) < €5, [|AZpp1 — bll2 < €eq-
Ensure: i1, Nkt1.
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Convergence theorem

Assume that the objective in the primal problem is ~y-strongly convex and that the dual
solution \* satisfies || A\*||2 < R. Then, for k > 1, the points 2%, 1y in our Algorithm
satisfy

J@r) = 7 < (@) +oOm) < 16HA||2E”HR2:O<1(>,

vk? vk?
. 16| A% xR 1
||A$k_b||2s%20 W 5
X . 8 [|[All—uR 1
_ < WA AT —
i —a"llp < 2 = 0 (=),

where x* and f* are respectively an optimal solution and the optimal value in the
primal problem.

: 1
Complexity O <\/%)
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APDAGD summary

B General regularizers.

| 1
B Complexity T or rate Rz
B Adaptivity.

B Extra dimension-dependent factor in the complexity for the OT problem.
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Comparison with existing results

B Sinkhorn’s algorithm, [Altschuler, Weed, Rigollet, 2017]
0 <n2||0||§0 lnn) '
5

B Sinkhorn’s algorithm, [D., Gasnikov, Kroshnin, 2018]

o <7L2||C||C2>01nn> ‘

22
B Accelerated Gradient Descent, [D., Gasnikov, Kroshnin, 2018], [Guminov, 2019]

-
”2 5

n?7]|C|eoVInn

9

O

Altschuler, Weed, Rigollet, Near-linear time approximation algorithms for optimal transport via Sinkhorn
iteration. NIPS 2017.

D., Gasnikov, Kroshnin, Computational Optimal Transport: Complexity by Accelerated Gradient Descent Is

Better Than by Sinkhorn’s Algorithm. ICML 2018.
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Comparison with Sinkhorn’s algorithm

Working time
2.9 -
===Sinkhorn = APDAGD

T s Linear (Sinkhorn) - Linear (APDAGD) y = 1.0816x + 0.97

™~
n

Ind
w

M
-

™y = 0.9133x + 0.8685

log{wWall-clack time (s))
b

17

15
0.9 1 11 1.2 13 1.4 1.5 1.6

log(1/€)

MNIST dataset, average in 10 randomly chosen images.
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Comparison with Sinkhorn’s algorithm 2

Working time

4.8
===Sinkhorn ===APDAGD

log(Wall-clock time,s)
= I I w w o
=] w [=:] w [=:] w

=
w

08 log(n)

2.5 3 3.5 4 4.5

MNIST dataset, average in 5 randomly chosen and scaled images,
n e [282 = 784,224 = 50176], e = 0.1.
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Summary

B Adaptive idea 1: Alternating minimization in the dual a.k.a. Sinkhorn’s algorithm

o)

B Very fast convergence for large -y, unstable for small .

B Complexity

B Empirically faster than in theory.

B Adaptive idea 2: adaptive to Lipschitz constant AGD in the dual

°(7)

B Still based on Lipschitz constant of the gradient.

B Complexity

W Stable for small 7.

Can we combine alternating minimization and AGD?
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El Accelerated alternating minimization
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Block structure

We consider minimization problem

in ().
Argﬂl{r}vso( )

B The space R is divided into n disjoint subsets (blocks) I,,, p € {1,...,n}.

B S,(A\) = A+ span{e; : i € I,,}, i.e. the affine subspace containing A and all
the points differing from A only over the block p.

B )\; — components of \ corresponding to the block ¢ and V;¢(\) — gradient
corresponding to the block 7.

B Assume thatforany p € {1,...,n} and any ¢ € R¥ the problem

min ¢(\) has a solution, and this solution is easily computable.

AES,H(C)

® () is Ly-smooth: V X, n € RN [[Vp(X) = Vp(n)|l2 < Ly||A — 1.
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Changes in APDAGD m 3

Instead of gradient step Nx+1 = Ag+1 — %VSO()\ICJ,_l) we consider the
Gauss-Southwell rule + block minimization:

Choose i, = arg  max ||Vio(Agr1)||3. Set 7p 1 =arg  min  ¢(n).
ie{1,...,n} n€Si;, (Ak+1)

ERRRE}
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Changes in APDAGD Lige

Instead of gradient step k11 = Agr1 — %Vgp()\kﬂ) we consider the
Gauss-Southwell rule + block minimization:

Choose i, = arg  max ||Vio(Agr1)||3. Set 7p 1 =arg  min  ¢(n).
ie{1,...,n} n€Si;, (Ak+1)

Momentum step Cr11 = Cr — @1 VO(Art1), B + a1 = Lag

ERRRE}
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Changes in APDAGD &8 w3

Instead of gradient step k11 = Agr1 — %VSO()\ICJ,_l) we consider the
Gauss-Southwell rule + block minimization:

Choose i, = arg  max ||Vio(Agr1)||3. Set 7p 1 =arg  min  ¢(n).
ie{1,...,n} n€Si, A1)

Momentum step Cr11 = Cr — @1 VO(Art1), B + a1 = Lag

ERRRE}

L
O(Mk+1) < ©(Akr1) + (VoAkr1), M1 — A1) + §||77k+1 — Arr1ll3

1 1
M1 = A1 — ZVSO(MH)] = p(Aer1) — ﬁ||v90(>‘k+l)”§
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Changes in APDAGD &8 w3

Instead of gradient step k11 = Agr1 — %VSO()\ICJ,_l) we consider the
Gauss-Southwell rule + block minimization:

Choose i, = arg  max ||Vio(Agr1)||3. Set 7p 1 =arg  min  ¢(n).
ie{1,...,n} n€Si, A1)

Momentum step Cr+1 = Gk — Q41 VP(Art1), Bk + aps1 = Lag 4

ERRRE}

L
©Mrt1) < @Aks1) + (VOArr1), Mer1 — A1) + §||77k+1 — Arr1ll3

1 1
M1 = At1 — ZVSQ(Ak+1)] = @o(Mg1) — ﬁ||v90(>‘k+l)”§

2

(8]
SN SR S5 S NS WIE
Br+ag41 Qpg1 ©(Mk+1) = (A1) 2(ﬁk+(1k+1)||v<p( k+1)[12
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Changes in APDAGD &8 w3

Instead of gradient step k11 = Agr1 — %VSO()\ICJ,_l) we consider the
Gauss-Southwell rule + block minimization:

Choose i, = arg  max ||Vio(Agr1)||3. Set 7p 1 =arg  min  ¢(n).
ie{1,...,n} n€Si, A1)

Momentum step Cr+1 = Gk — Q41 VP(Art1), Bk + aps1 = Lag 4

ERRRE}

L
©Mrt1) < @Aks1) + (VOArr1), Mer1 — A1) + §||77k+1 — Arr1ll3

1 1
M1 = At1 — ZVSQ(Ak+1)] = @o(Mg1) — ﬁ||v90(>‘k+l)”§

2

(8]
SN SR S5 S NS WIE
Br+ag41 Qpg1 ©(Mk+1) = (A1) 2(ﬁk+(1k+1)||v<p( k+1)[12

Coupling step

Met1 = Tkl + (L= 7o) — 73 = arg 1611[(1]111] (G + 7 — Ck))

A1 = Cr + (i — i)
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Primal-dual accelerated alternating minimization

1: ﬁOZOéQ:O,n():CQZ)\():O.

2: fork > 0 do

3 Set7, =arg min ¢ (nx + 7(Cx — k)
T€[0,1]

4:  [Coupling step] Set A\ = Tk + (1 — %)Mk
5. [Gauss-Southwell] Choose i), = arg  max ||Vio(A\g) |3
ie{l,...,n}

Set N1 = arg min 7).
Tk+1 gnes,:k(m) (1)

6:  Find aky1, Bk+1 = Bk + ag1 from

Oé2
(k) — mHW(Ak)IIS = @(Mk+1)

7. [Update momentum] Set (x+1 = (x — agp+1 Vo(Ak)
akt12(Ak) +BrBh

8 [Primal update] Set Zx41 = Brit

9: end for
Ensure: The points Z41, Mk+1-
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Convergence theorem

Assume that the objective in the primal problem is ~y-strongly convex and that the dual
solution \* satisfies ||A*||2 < R. Then, for k > 1, the points &, 7

4nL,R?  8n||A|%_, 4y R? n
= = O — |,
2 vk?

vk
. 8n||All%_ g R n
A _ P L 1 Ve = S _
4 b, < 2l o (),

dn || AlgwmR _ ) (1
k ~y vk )’

f@r) = < f(@) + () <

AN

IA

21 — 2% &

x*, f* —resp. an optimal solution and the optimal value in the primal problem.
Assume that algorithm is applied for a non-convex and L ,-smooth objective o(+).

Then 2L, (p(No) — p(A*))
. :

Uniformly optimal in terms of & method for smooth convex and non-convex problems,

_min V() <

no knowledge of the convexity and parameters like L.
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Collaborative filtering

The unknown ratings 7,; associated with the user u and the item ¢ are sought as a
product xz Yi, where the vectors x,, and y; are the optimized variables. We assume
that we are given r,,; — observed preference rates associated with some users and

items.

min F(z,y) = S cui (rui = 2ly) A MaaE A i3
u %

observed u,%

— AM
— AAM

70+

function value
o o o a
3 2 Y 3

o
o

0 20 40 60 80 100 120
times, s
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Applications to OT %

A smooth dual problem
N
; — — ()t J ij
min (y, z) =7In Z exp (—(y' + 27 + CY) /7)) | + (y,r) + (2,0).

R
v,7€ Py

Estimate for R
57,2l < Ri= /T2 (Cll — F minriocs}).
Complexity for OT by AGD

5/2./ 2./ 2
(@] <N II;N”C|°O> cf. Sinkhorn O (N ln€]2V||C||OO> .
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Experiments with OT distance

— AAM-LS
4000 7 —— Greenkhorn
— AAM-A
—— APDAGD
o 3000 1 — AARBCD
E Sinkhorn
T
§ 2000 -
g
1000 A —
0l |
0 500 1000 1500 2000 2500

/e,

Optimization - 15.07.2021 - Page 37 (40)



Conclusion 'Zf‘g”}

Motivated by Optimal Transport we considered
B Alternating minimization
B Accelerated alternating minimization (AAM)
Obtained results
B AAM that is uniform for convex and non-convex optimization and adaptive to
smoothness
B Complexity bounds for the OT problem
References
B P. Dvurechensky, A. Gasnikov, A. Kroshnin, Computational optimal transport: Complexity
by accelerated gradient descent is better than by Sinkhorn’s algorithm, ICML 2018
B Yu. Nesterov, A. Gasnikov, S. Guminov, P. Dvurechensky, Primal-dual accelerated
gradient methods with small-dimensional relaxation oracle, Optimization methods and
software, 2020
B S. Guminov, P. Dvurechensky, N. Tupitsa, A. Gasnikov, On a Combination of Alternating

Minimization and Nesterov’'s Momentum, ICML 2021
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Happy Burthday, Yurii Evgenievich!

Happy Burthday, Vladimir Yurievich!

Thank you!
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